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Abstract
We calculate the O(α3s) heavy flavor contributions to the Wilson coefficients of the structure
function F2(x,Q
2) and the massive operator matrix elements (OMEs) for the twist–2 oper-
ators of unpolarized deeply inelastic scattering in the region Q2 ≫ m2. The massive Wilson
coefficients are obtained as convolutions of massive OMEs and the known light flavor Wil-
son coefficients. We also compute the massive OMEs which are needed to evaluate heavy
flavor parton distributions in the variable flavor number scheme (VFNS) to 3–loop order.
All contributions to the Wilson coefficients and operator matrix elements but the genuine
constant terms at O(α3s) of the OMEs are derived in terms of quantities, which are known







gg,Q the moments N = 2 to 10, for A
(3),PS







to N = 14 are computed. These terms contribute to the light flavor +-combinations. For
the flavor non-singlet terms, we calculate as well the odd moments N = 1 to 13, corre-
sponding to the light flavor −-combinations. We also obtain the moments of the 3–loop
anomalous dimensions, their color projections for the present processes respectively, in an
independent calculation, which agree with the results given in the literature.
1Present address: Instituto de Fisica Corpuscular, CSIC-Universitat de Vale`ncia, Apartado de Correros 22085,
E-46071 Valencia, Spain.
1 Introduction
Deep-inelastic scattering processes of charged or neutral leptons off proton and deuteron targets,
in the region of large enough values of the gauge boson virtuality Q2 = −q2 and hadronic mass
W 2 = (q + p)2, allow to measure the leading twist parton densities of the nucleon, the QCD-
scale ΛQCD and the strong coupling constant as(Q
2) = αs(Q
2)/(4π), to high precision. The
precise value of ΛQCD, a fundamental parameter of the Standard Model, is of central importance
for the quantitative understanding of all strongly interacting processes. Moreover, the possible
unification of the gauge forces [1] depends crucially on its value. Of similar importance is
the detailed knowledge of the parton densities for all hadron-induced processes [2], notably for
the interpretation of all scattering cross sections measured at the Tevatron and the LHC. For
example, the process of Higgs-boson production at the LHC [3] depends on the gluon density
and its accuracy is widely determined by this distribution.
Let us consider the kinematic region in deeply inelastic scattering, where processes of higher
twist can be safely disregarded and the hard scales Q2 and W 2 are large enough to allow the ap-
plication of the light-cone expansion, saturated by the twist–2 contributions. The scattering pro-
cesses are then described by structure functions Fi(x,Q
2), which decompose into non-perturbative
massless parton densities fj(x, µ














The scale µ denotes the factorization scale, which is arbitrary and cancels between the coefficient
functions and parton distribution functions in the respective orders in perturbation theory. The







dx2δ(x− x1x2)A(x1)B(x2) . (1.2)
The Mellin transformation




if applied to (1.2), resolves the convolution into a product.
Since we strictly consider twist-2 parton densities in the Bjorken limit, no transverse mo-
mentum effects in the initial distributions will be allowed, which otherwise is related in the
kinematic sense to higher twist operators. As is well known, the leading–twist approximation
and the QCD improved parton model are equivalent descriptions for the dominant contributions
to the deep-inelastic structure functions at sufficiently large scales Q2. The condition for the
validity of the parton model [4] demands that
τint
τlife
≪ 1 , (1.4)
with τint being the interaction time of the virtual gauge boson with a hadronic quantum-
fluctuation, the life–time of which is given by τlife. The latter can be interpreted as a partonic

























xi = 1 , (1.6)
with P the large momentum of the hadron, q0 the energy component of the virtual gauge boson
in the infinite momentum frame, Ei the energy of the ith fluctuating parton, k⊥,i, mi, xi its
transverse momentum, mass, and momentum fraction, E the total energy, and MN the nucleon
mass. In the region of not too small values, nor values near the elastic region x ≃ 1, of the Bjorken
variable x, the partonic description holds for massless partons. Evidently, iff Q2(1−x)2/m2i ≫/ 1
no partonic description for a potential heavy quark distribution can be obtained. In the general
kinematic region the parton densities in Eq. (1.1) are enforced to be massless and the heavy quark
mass effects are contained in the Wilson coefficients Cji , which are perturbatively calculable. Due
to this, one may identify the massless flavor contributions and separate the Wilson coefficients
into a purely light part Cj,lighti and H
j






















, k = c, b . (1.7)
The question, under which circumstances one may introduce a heavy flavor parton density, will be
discussed later. Both, the measurements of the heavy flavor part of the deep-inelastic structure
functions, cf. [5], and numerical studies [6] based on the leading [7] and next-to-leading order
(NLO) heavy flavor Wilson coefficients [8], show that the scaling violations of the light and the
heavy contributions to (1.7) exhibit a different behaviour over a wide range of Q2. This is both
due to the logarithmic contributions lnk(Q2/m2) and power corrections ∝ (m2/Q2)k, k ≥ 1.
Moreover, in the region of smaller values of x the heavy flavor contributions amount to 20–
40%. Therefore, the precision measurement of the QCD parameter ΛQCD [9] and the parton
distribution functions in deeply inelastic scattering require the description of the light and heavy
flavor contributions at the same accuracy. The separation (1.7) allows the definition of the
light flavor contributions and the related heavy flavor contributions to Fi(x,Q
2) applying the
factorization Eq. (1.1).
The perturbative accuracy reached for F lighti (x,Q
2) is of 3–loop order [10–26], which requires
to calculate the 3–loop heavy flavor Wilson coefficients as well. The NLO heavy flavor corrections
in the complete kinematic range are available only in semi-analytic form [8] due to the complexity
of the contributing phase space integrals. 2 Heavy flavor corrections to different sum rules for
deep-inelastic structure functions were calculated in [28]. An important part of the kinematic
region is that of larger values of Q2. As has been shown in Ref. [29], the heavy flavor Wilson
coefficients Hj2(x,Q
2/µ2, m2i /µ
2) can be calculated analytically at NLO for Q2/m2 >∼ 10.
3 This
is due to a factorization of the heavy quark Wilson coefficients into massive OMEs, Ajk, and
massless Wilson coefficients, Cj,lighti in case one heavy quark flavor of mass m and nf light flavors
are considered. This restriction to only one heavy quark flavor is required beginning with the
3–loop corrections and will be adopted in the following. In the present paper, we calculate the
2A precise numerical implementation in Mellin space was given in [27].
3In case of HjL(x,Q
2/µ2,m2i /µ
2) this approximation is only valid for Q2/m2 >
∼
800, [29]. The 3–loop corrections
were calculated in Ref. [30].
3
massive operator matrix elements Ajk contributing to the heavy flavor Wilson coefficients for
the structure function F2(x,Q
2) in the region Q2/m2 >∼ 10 to 3–loop order for fixed moments of
the Mellin variable N . In case of the flavor non-singlet (NS) contributions, we also present the
odd moments of the −-projection. We further calculate the operator matrix elements, which are
required to define heavy quark densities in the VFNS [31]. Due to renormalization, higher order
contributions in ε to corrections of lower order in as, cf. [29, 31–35], and other renormalization
terms, such as the anomalous dimensions and the expansion coefficients of the QCD β–function
and mass anomalous dimensions, contribute. For these reasons, the present calculation yields
also the moments of the complete 2–loop anomalous dimensions and the terms ∝ TF of the
3–loop anomalous dimensions γij(N). In the pure singlet (PS) case, γ
+,PS
qq (N), and for γqg(N),
these are the complete anomalous dimensions given in [18, 19], to which we agree. Since the
present calculation is completely independent by method, formalism, and codes, it provides a
check on the previous results. Except for the constant part of the unrenormalized heavy flavor
operator matrix elements, we obtain the heavy quark Wilson coefficients in the asymptotic region
for all values of the Mellin variable N . The analytic continuation of these expressions to complex
values of N can be performed with the help of the representations in [36] and those given for
the anomalous dimensions and massless Wilson coefficients in [18, 19, 26].
The paper is organized as follows. In Section 2, a brief outline of the basic formalism is
given. The renormalization of the different massive operator matrix elements is described in
Section 3. In Section 4, we present details on the unrenormalized and renormalized operator
matrix elements. Technical details of the calculation and the main results are discussed in
Section 5. Depending on the CPU time and storage size required, the moments up to N = 10, 12,
and 14 of the different operator matrix elements could be calculated. In Section 6, representations
for heavy quark parton densities in the region µ2 ≫ m2 are given and Section 7 contains the
conclusions. In the Appendices, we give a consistent set of Feynman rules for the composite
operators up to 3–loop order, present the moments of the 3–loop anomalous dimensions, and of
the constants part of the different 3–loop massive operator matrix elements.
2 The Formalism
The heavy quark contribution to the structure function F2(x,Q
2) for one heavy flavor of mass
m and nf light flavors is given by, [31],
F2,Q(x,Q


































































with (S) the singlet contributions. Here, we denote the heavy flavor Wilson coefficients Hji by L
j
i ,
Hji respectively, depending on whether the photon couples to a light (L) or the heavy (H) quark
line. fk(x, µ
2) and fk(x, µ
2) denote the quark- and antiquark distribution functions, G(x, µ2) is










denotes the flavor singlet distribution. eQ is the electric charge of the heavy quark. Due to the
difference of quantities taken at nf +1 and nf flavors, it is useful to adopt the following notation
for a function f(nf ),





and ˆ˜f(nf ) ≡
̂[f˜(nf)].
4 As has been shown in Ref. [29], the heavy quark Wilson coefficients
in deeply–inelastic scattering, Hji , factorize in the region Q
2 ≫ m2, in which power corrections







where i = 2, L specifies the structure function considered.







= 〈l|ONS,Sk |l〉 , l = q, g , (2.6)
with the local twist–2 operators given by
ONSF,a;µ1,... ,µn = i
n−1S[ψγµ1Dµ2 . . .Dµn
λa
2
ψ]− trace terms , (2.7)
OSF ;µ1,... ,µn = i
n−1S[ψγµ1Dµ2 . . .Dµnψ]− trace terms , (2.8)
OSV ;µ1,... ,µn = 2i
n−2SSp[F aµ1αDµ2 . . .Dµn−1F
α,a
µn ]− trace terms , (2.9)
for the fermionic non–singlet, singlet, and gluonic case, [37]. Here, S denotes the symmetrization
operator of the Lorentz indices µ1, . . . , µn; λa is the flavor matrix of SU(nf ) with nf light flavors,
ψ denotes the quark field, F aµν the gluon field–strength tensor, and Dµ the covariant derivative.






The different contributions to (2.5) were given in [31], Eqs. (2.31–2.35). To O(a3s), the Wilson











4Later on, the symbol ˆ will also be used for the bare coupling aˆs, the mass mˆ, and the bare OMEs, where



































































Qq (nf ) + C˜
PS,(2)






Qq (nf ) + C˜
PS,(3)




2,g (nf + 1)
+A
PS,(2)
Qq (nf ) C
NS,(1)























2,g (nf + 1)
+ C˜
(2)





















2,q (nf + 1) + C˜
PS,(2)






2,g (nf + 1)
+ C˜
(3)
2,g (nf + 1)
]
. (2.15)
For brevity, we have dropped here part of the arguments of the Wilson coefficients and operator
matrix elements by identifying Hji = H
j
i (N,Q





2/µ2, nf) and Aij =
Aij(N,m
2/µ2, nf). These representations were verified in the LO and NLO case comparing with
the results in [7, 8] for Q2 ≫ m2.
The massive operator matrix elements are calculated keeping the external massless parton
lines on–shell, while the heavy quark mass m sets the scale. The massless Wilson coefficients Cji
in (2.11–2.15) were calculated in Refs. [20, 21, 23–26].
3 Renormalization of the Massive Operator Matrix Ele-
ments
We perform the calculation of the massive operator matrix elements in D = 4 + ε dimensions







with γE the Euler–Mascheroni constant, is obtained which collects universal terms, and Sε := 1 in
the MS–scheme. The following equation shows the perturbative expansion of the unrenormalized

















































ij (N) . (3.3)
Here, N is the Mellin–parameter, (1.3), mˆ the bare mass, and µ = µR is the renormalization
scale. Also the factorization scale µF will be identified with µ in the following.
The factorization between the massive OMEs and the massless Wilson coefficients (2.5) re-
quires the external legs of the operator matrix elements to be on–shell,
p2 = 0 , (3.4)
where p denotes the external momentum. Unlike in the massless case, where the scale of the
OMEs is set by an off–shell momentum −p2 < 0, in our framework the internal heavy quark mass
sets the scale. In the former case, one observes a mixing of the physical OMEs with non–gauge
invariant (NGI) operators, cf. [16, 38, 39], and contributions originating in the violation of the
equations of motion (EOM). Terms of this kind do not contribute in the present case.
The renormalization of the massive OMEs is performed in four steps. First mass renormal-
ization is carried out, for which we use the on–mass–shell scheme and later also compare to the
results in the MS–scheme. Afterwards, charge renormalization is performed in the MS–scheme.
To maintain condition (3.4), which is of physical importance, we will, however, first introduce
a MOM–scheme for the strong coupling constant and then perform a finite renormalization
changing to the MS–scheme. The former scheme is implied by keeping the external massless
parton lines on shell. Note, that there are other, differing MOM–schemes in the literature, cf.
e.g. [40]. After mass and coupling constant renormalization, the OMEs are denoted by a single
hat, Aˆij . The ultraviolet singularities of the composite operators are canceled via the corre-
sponding Zij–factors and the UV–finite OMEs are denoted by a double tilde,
˜˜Aij . Finally, the
collinear divergences are removed via mass factorization.
3.1 Mass Renormalization
There are two main schemes to perform mass renormalization: i) the on–shell scheme and ii)
the MS–scheme. We will apply the on–shell scheme in the following, defining the heavy quark
mass as the pole mass, and compare to the MS–scheme later. The bare mass in (3.2) is replaced
by the on–shell mass m through






















































CA − 14TF (nf +Nh)
)

















































with CF = (N
2
c − 1)/(2Nc), CA = Nc, TF = 1/2 for SU(Nc) and Nc = 3 in case of QCD. ζk
denotes the Riemann ζ–function. In (3.8), nf denotes the number of light flavors and Nh the
number of heavy flavors, which we will set equal to one from now on. The pole terms were given
in [41, 42], and the constant term in [43, 44], see also [45]. In Eqs. (3.7, 3.9), we have defined
the expansion coefficients in ε of the corresponding quantities. The following equation shows the




































































































3.2 Renormalization of the Coupling
As the next step, we consider charge renormalization. We briefly summarize first the main steps
in the massless case in the MS–scheme. Afterwards, we extend the description to the massive
case in the MOM-scheme which we use, before we transform back to the MS–scheme.














1 + δaMSs,1 (nf)a
MS
s (µ









The coefficients in Eq. (3.11) are, [46–49] and [50, 51],













































The factorization relation (2.5) strictly requires that the external massless particles are on
shell. Massive loop corrections to the gluon– and ghost–propagators violate this condition, which
has to be enforced subtracting the corresponding corrections. They can be uniquely absorbed
into the strong coupling constant applying the background field method [52–54]. Here, Zg can be
obtained by only considering the gluon propagator. After mass renormalization in the on–shell
scheme via Eq. (3.5), we obtain for the heavy quark contributions to the gluon self–energy
ΠˆµνH,ab,BF(p
2, m2, µ2, ε, aˆs) = i(−p
2gµν + pµpν)δabΠˆH,BF(p
2, m2, µ2, ε, aˆs) ,
ΠˆH,BF(0, m












































Note, that although the O(aˆs)–term in the above formula is an expression to all orders in ε, the
O(aˆ2s)–term and hence the formula in general only holds up to O(ε). We have used the Feynman


















The light–flavor contributions to ZA, ZA,l, can thus be determined by combining Eqs. (3.11)
and (3.19). The heavy flavor part, ZA,H, follows from the condition
ΠH,BF(0, µ
2, as, m
2) + ZA,H ≡ 0 , (3.20)
which ensures that the on–shell gluon remains strictly massless. Thus we define the renormal-
ization constant of the strong coupling with nf light and one heavy flavor as















































































































Since the MS–scheme is commonly used, we transform our results back from the MOM–
description into the MS–scheme, in order to be able to compare to other analyzes. This is
achieved by observing that the bare coupling does not change under this transformation and one
thus obtains the condition
ZMSg
2









The following relations hold :
aMOMs = a
MS









































s,2 (nf + 1)









vice versa. Eq. (3.31) is valid to all orders in ε. Here, aMSs = a
MS
s (nf +1). Applying the on–shell
scheme for mass renormalization and the described MOM–scheme for the renormalization of the






































































































where we have suppressed the dependence on m, ε and N in the arguments. 6
6Here we corrected a typographical error in [34], Eq. (48).
10
3.3 Operator Renormalization
The renormalization of the ultra-violet (UV) singularities of the composite operators is done
























s , nf , ε, N)Aˆlj
(−p2
µ2
, aMSs , nf , ε, N
)
, i, j, l = q, g,(3.34)
for the non–singlet and singlet case, with p a space-like momentum. As mentioned before, we
neglected all terms being associated to EOM and NGI parts, since they do not contribute in the












The anomalous dimensions γij of the operators are then given by
γNSqq (a
MS





s , nf , ε, N) , (3.37)
γij(a
MS









s , nf , ε, N) . (3.38)
They can be expanded into a perturbative series as follows
γS, PS, NSij (a
MS







ij (nf , N) , (3.39)
where the PS contribution starts at O(a2s). The anomalous dimensions are known for all N at
LO, [57, 58], and NLO, [10–16]. Fixed moments at NNLO have been calculated in Refs. [23–25]
and the complete result has been obtained in Refs. [18, 19]. At the level of twist–2, they are
connected to the splitting functions, [59], by a Mellin–transform 7
γ
(k)





ij (nf , z) . (3.40)
In the following, we do not write the dependence on the Mellin–variable N for the OMEs, the
operator Z–factors and the anomalous dimensions explicitly. Furthermore, we will suppress the
dependence on ε for unrenormalized quantities and Z–factors. From Eqs. (3.37, 3.38), one can
determine the relation between the anomalous dimensions and the Z–factors order by order in
perturbation theory. In the general case, one finds
Zij(a
MS





























7Due to our convention, Eqs. (3.37, 3.38), there is a relative factor of 2 between the anomalous dimensions





























































The NS and PS Z–factors are given by 8
ZNSqq (a
MS























































































































All quantities in Eqs. (3.41–3.43) refer to nf light flavors and renormalize the massless off–shell
OMEs given in Eqs. (3.33, 3.34).
In the next step, we consider an additional heavy quark with mass m. We keep the external
momentum artificially off–shell for the moment, in order to deal with the UV–singularities only.
For the additional massive quark, one has to account for the prescription of the renormalization
of the coupling constant we used in Eqs. (3.27, 3.28). The Z–factors including one massive
quark are then obtained by taking Eqs. (3.41-3.43) at nf +1 flavors and performing the scheme
transformation given in (3.31). The emergence of δaMOMs,k in Zij is due to the finite mass effects








































































































































































































































































































































The above equations are given for nf + 1 flavors. One rederives the expressions for nf light




s . As a next step, we split the OMEs into a
part involving only light flavors and the heavy flavor part
Aˆij(p
2, m2, µ2, aMOMs , nf + 1) = Aˆij
(−p2
µ2
, aMSs , nf
)
+ AˆQij(p
2, m2, µ2, aMOMs , nf + 1) . (3.47)
In (3.47, 3.48), the light–flavor part depends on aMSs , since the prescription adopted for coupling
constant renormalization only applies to the massive part. AˆQij denotes any massive OME we
consider. The correct UV–renormalization prescription for the massive contribution is obtained








s , nf + 1, µ)Aˆ
Q
ij(p
2, m2, µ2, aMOMs , nf + 1)
+Z−1il (a
MOM
s , nf + 1, µ)Aˆij
(−p2
µ2




s , nf , µ)Aˆij
(−p2
µ2










In the limit p2 = 0, integrals without a scale vanish within dimensional regularization. Hence
























































ij (nf + 1, µ)− Z
−1,(3)
ij (nf) + Z
−1,(1)















The Z–factors at nf +1 flavors refer to Eqs. (3.44–3.46), whereas those at nf flavors correspond
to the massless case.
3.4 Mass Factorization
Finally, we have to remove the collinear singularities contained in ˜˜Aij, which emerge in the limit
p2 = 0. They are absorbed into the parton distribution functions. As a generic renormalization

















, aMOMs , nf + 1
)
Γ−1lj . (3.52)




would hold. However, due to the presence of a heavy quark Q, the transition functions Γ(nf)
refer only to massless sub-graphs. Hence the Γ–factors contribute up to O(a2s) only and do not
involve the special scheme adopted for the renormalization of the coupling. Due to Eq. (3.53),
they can be read off from Eqs. (3.41–3.43).
































ij (nf + 1)− Z
−1,(2)
ij (nf) + Z
−1,(1)



































ij (nf + 1)− Z
−1,(3)
ij (nf) + Z
−1,(1)


























































From (3.54) it is obvious that the renormalization of AQij to O(a
3
s) requires the 1–loop terms up
to O(ε2) and the 2–loop terms up to O(ε), cf. [29,31,33–35]. Finally, we transform the coupling
constant back to the MS–scheme by using Eq. (3.30). We do not give the explicit formula here,
but present the individual renormalized OMEs after this transformation in the next Section as





























, nf + 1
)
. (3.55)
4 General Structure of the Massive Operator Matrix El-
ements
In the following, we present the unrenormalized and renormalized massive operator matrix ele-
ments for the specific flavor channels. The pole terms can all be expressed in terms of known
renormalization constants, which provides us with a strong check on our calculation. In par-
ticular, we obtain the moments of the complete anomalous dimensions up to O(a2s), as well as
their TF–terms at O(a
3
s). The moments of the O(ε
0)–terms of the unrenormalized OMEs at
the 3–loop level, a
(3)
ij , are a new result. Previously, the O(ε) terms at the 2–loop level, a
(2)
ij , for
general values of N were calculated by the present authors in Refs. [34,35]. The pole terms and
the O(ε0) terms, a
(2)
ij , at the 2–loop level have been calculated for the first time in Refs. [29,31].
They were confirmed in [33, 35], as well as by the present calculation, in which they appear
in the renormalization of the respective moments of the 3–loop OMEs. In order to keep up




ij after performing mass
renormalization in the on–shell scheme. This we do not apply for the 3–loop terms. We choose
to calculate one–particle reducible diagrams and therefore have to include external self–energies
containing massive quarks into our calculation. Before presenting the operator matrix elements
up to three loops, we first summarize the necessary self–energy contributions.
4.1 Self–energy contributions
The gluon and quark self-energy contributions due to heavy quark lines are given by
Πˆabµν(p






Πˆ(p2, mˆ2, µ2, aˆs) , (4.1)
with








2, mˆ2, µ2, aˆs) = i δij /p Σˆ(p
2, mˆ2, µ2, aˆs) , (4.3)
where




(k)(p2, mˆ2, µ2) . (4.4)
Note, that the quark self–energy contributions start at 2–loop order. These self–energies are eas-
ily calculated using MATAD, [60], cf. Section 5. The expansion coefficients for p2 = 0 of Eq. (4.2,
4.4) are needed for the calculation of the gluonic and quarkonic OMEs. The contributions to













































































































































































































































































































































































see also [40, 61]. In Eq. (4.7) the constant



























The expansion coefficients are obtained in the MOM–scheme from the bare quantities, using








qq (nf + 1)− Z
−1,(2),NS







qq (nf + 1)− Z
−1,(3),NS
qq (nf)













Γ−1,(1)qq (nf ) . (4.13)
From (3.32, 3.54, 4.12, 4.13), one predicts the pole terms of the unrenormalized OME. At second







































































































Note, that we have already used the general structure of the unrenormalized lower order OME
in the evaluation of the O(aˆ3s) term, as we will always do in the following. Using Eqs. (4.12,
4.13, 3.32), one can renormalize the above expressions. In addition, we finally transform back



















































































































Note that in the NS–case, one is generically provided with even and odd moments due to a
Ward–identity relating the results in the polarized and unpolarized case. The former refer to the
anomalous dimensions γNS,+qq and the latter to γ
NS,−
qq as given in Eqs. (3.5, 3.7) and Eqs. (3.6,
3.8) in Ref. [18]. The relations above also apply to other twist–2 non–singlet massive OMEs, as
to transversity, for which the 2- and 3–loop heavy flavor corrections are given in [62].
4.3 APSQq and A
PS
qq,Q
There are two different PS–contributions. The term referring to the case in which the operator
couples to a heavy quark, APSQq, starts at O(a
2
s), whereas the term in which it couples to an





















Separating these contributions is not straightforward, since the generic renormalization formula
for operator renormalization and mass factorization, Eq. (3.54), applies to the sum of these terms
18





















Γ−1,(1)gq (nf ) . (4.20)







































































qq (nf + 1)− Z
−1,(3),PS
qq (nf )












qg (nf + 1)








qq (nf + 1)








qg (nf + 1)− Z
−1,(2)
qg (nf )








Γ−1,(1)gq (nf ) . (4.23)
Taking into account the kinematic and UV–structure of the contributing Feynman diagrams, the












































































































































































































































































































































4.4 AQg and Aqg,Q
The OME AQg is the most complex expression. As in the PS–case, there are two different
contributions, depending on whether the operator couples to a light quark line, denoted by




























qg (nf + 1)− Z
−1,(1)







qg (nf + 1)− Z
−1,(2)
qg (nf ) + Z
−1,(1)
qg (nf + 1)Aˆ
(1),MOM
gg,Q








qg (nf + 1)
−Z−1,(1)qg (nf )
]
Γ−1,(1)gg (nf) . (4.31)








































































Note that we have already made the one–particle reducible contributions to Eq. (4.33) explicit,
which are given by the 1–loop contribution multiplied by the 1–loop term of the gluon–self
energy, cf. Eq. (4.5). Furthermore, Eq. (4.33) already contains terms which result from
mass renormalization in the O(ε0) and O(ε) expressions. At this stage of the renormalization
procedure, they should not be present, however, we have included them here in order to have































































qg (nf + 1)− Z
−1,(3)
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qq (nf + 1)Aˆ
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qg (nf + 1)− Z
−1,(2)
qg (nf) + Z
−1,(1)
qq (nf + 1)A
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qq (nf + 1)
− Z−1,(2),PSqq (nf )
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qq (nf + 1)
− Z−1,(2),NSqq (nf )
]
Γ−1,(1)qg (nf) . (4.36)


















































































































































































































































































































































































































































































































































































































































gq (nf + 1)− Z
−1,(3)
gq (nf ) + Z
−1,(1)
gg (nf + 1)Aˆ
(2),MOM
gq,Q
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gg (nf + 1)− Z
−1,(2)
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(1),MOM
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Γ−1,(1)gq (nf ) , (4.43)












































































































































































































































































































































gg (nf + 1)− Z
−1,(1)
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gg (nf + 1)Aˆ
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+Z−1,(2)gg (nf + 1)− Z
−1,(2)
gg (nf ) + Z
−1,(1)
gq (nf + 1)A
(1),MOM
Qg















Γ−1,(1)qg (nf ) . (4.51)
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For Eq. (4.54) the same as for Eq. (4.33) holds. We have already included one–particle reducible
contributions and terms stemming from mass renormalization in order to refer to the notation


































































































− 2(2β0 + 3β0,Q)a
(2)










































1 β0,Q − 2δm
(0)

























The renormalized results are
A
(1),MS































































































gg β0,Q − 4γˆ
(1)
gg [β0 + 2β0,Q] + 2γ
(0)














































































































1 β0,Q + 8δm
(1)




























2 β0,Q + a
(3)
gg,Q . (4.58)
5 The Calculation of the Operator Matrix Elements
In this chapter, we describe the computation of the 3–loop corrections to the massive operator
matrix elements in detail. Typical Feynman diagrams contributing to the different channels
are shown in Figure 1, where ⊗ denotes the corresponding composite operator insertions, (2.7–
2.9). The generation of these diagrams with the FORTRAN–based program QGRAF, cf. [63], is
described in Section 5.1 along with the subsequent steps to prepare the input for the FORM–
based program MATAD, [60]. The latter allows the calculation of massive tadpole integrals in D
dimensions up to three loops and relies on the MINCER algorithm, [64,65]. The use ofMATAD and
the projection onto fixed moments are explained in Section 5.2. Finally, we present our results
for the fixed moments of the 3–loop OMEs and the fermionic contributions to the anomalous
dimensions in Section 5.3. The calculation is mainly performed by using FORM programs, [66],
while in a few cases codes have also been written in MAPLE.
5.1 Generation of Diagrams
QGRAF is a quite general program to generate Feynman diagrams and allows to specify vari-
ous kinds of particles and interactions. Our main issue is to generate diagrams which contain
composite operator insertions, cf. (2.7–2.9) and appendix 8.1, as special vertices.
To give an example, let us consider the contributions to A
(1)
Qg. Within the light–cone expan-
sion, [67], this term derives from the Born diagrams squared of the photon–gluon fusion process
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(NS) (PSH) (PSl) (qgH) (qgl) (gq) (gg) ghost
Figure 1: Examples for 3–loop diagrams contributing to the massive operator matrix elements: NS -
non–singlet, PSH,l - pure–singlet, singlet qgH,l, gq, gg and ghost contributions. Here the coupling of
the gauge boson to a heavy or light fermion line is labeled by H and l,respectively. Thick lines: heavy
quarks, curly lines: gluons, full lines: quarks, dashed lines: ghosts.
shown in Figure 2. After expanding these diagrams with respect to the virtuality of the photon,
the mass effects are then given by the diagrams in Figure 3. These are obtained by contracting
the lines between the external photons. Thus, one may think of the operator insertion as being
coupled to two external particles, an incoming and an outgoing one, which carry the same mo-
mentum. Therefore, one defines in the model file of QGRAF vertices which resemble the operator
insertions in this manner, using a scalar field φ, which shall not propagate in order to ensure that
there is only one of these vertices for each diagram. For the quarkonic operators, one defines the
vertices
φ+ φ+ q + q + n g , 0 ≤ n ≤ 3 , (5.1)
which is illustrated in Figure 4. The same procedure can be used for the purely gluonic interac-
tions and one defines in this case
φ+ φ+ n g , 0 ≤ n ≤ 4 . (5.2)
The number of diagrams we obtain contributing to each OME is shown in Table 1. The next
step consists in rewriting the output provided by QGRAF in such a way, that the Feynman rules
given in Appendix 8.1 can be inserted. Thus, one has to introduce Lorentz and color indices
and align the fermion lines. Additionally, the integration momenta have to be written in such a
way that MATAD can handle them. For the latter step, all information on the types of particles,
Figure 2: Diagrams contributing to A
(1)
Qg via the optical theorem. Wavy lines denote photons; for the
other lines, see Figure 1.
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φ , p2 φ , p2
Figure 4: Generation of the operator insertion.
the operator insertion and the external momentum are irrelevant, leading to only two basic
topologies to be considered at the 2–loop level, which are shown in Figure 5. Note, that in the
case at hand the topology on the right–hand side of Figure 5 always yields zero after integration.
At the 3–loop level, the master topology is given in Figure 6. From this topology, five types of
diagrams are derived by shrinking various lines. These diagrams are shown in Figure 7. After
assigning the loop momenta, the Feynman rules are inserted. The computation of the Green’s
functions, which are associated to the respective operator matrix elements, still contain trace
terms and require the symmetrization of the Lorentz indices. It is convenient to project these
terms out by multiplying with an external source
JN ≡ ∆µ1 ...∆µN , (5.3)
with ∆µ being a light-like vector, ∆
2 = 0. Additionally, one has to amputate the external field.9
The Green’s functions in momentum space corresponding to the local operators defined in Eqs.






















g (0) | A
b
ν(p)〉 , (5.6)
cf. [29], with Aaµ an external gluon field with color index a, Lorentz index µ, momentum p, and
ǫµ(p) the gluon polarization vector. In the flavor non–singlet case, Eq. (2.7), only one term
contributes
u(p, s)Gij,NSq λru(p, s) = JN〈Ψi(p) | O
µ1...µN
q,r (0) | Ψ
j(p)〉Q , (5.7)
9Note that we choose to renormalize the mass and the coupling multiplicatively and thus have to include
self–energy insertions containing a massive line on external legs.
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Figure 5: 2–Loop topologies, indicating labeling of momenta.
with u(p, s), u(p, s) being the bi–spinors of the external quark and anti–quark, respectively. The
remaining singlet and pure–singlet Green’s functions with an external quark are given by, [29],
u(p, s)Gij,SQ u(p, s) = JN〈Ψi(p) | O
µ1...µN
Q (0) | Ψ
j(p)〉, (5.8)
u(p, s)Gij,Sq,Qu(p, s) = JN〈Ψi(p) | O
µ1...µN
q (0) | Ψ
j(p)〉Q , (5.9)
u(p, s)Gij,Sg,Qu(p, s) = JN〈Ψi(p) | O
µ1...µN
g (0) | Ψ
j(p)〉Q . (5.10)
Note, that in the quarkonic case the fields Ψ, Ψ with color indices i, j stand for the external
























δij(∆ · p)N−1/∆ , l = Q, g, q , r = S, NS, PS . (5.12)
Here,
ˆˆ
Aij are the massive OMEs which we will calculate. In order to simplify this calculation,
it is useful to define projection operators, which, applied to the Green’s function, yield the

































Figure 6: Master 3–loop topology for MATAD, indicating labeling of momenta.
p2 p1
p3















Figure 7: Additional topologies contributing at the 3–loop level.









Tr[/pGijl ] . (5.15)





















These projections yield the advantage that one does not have to resort to complicated tensorial
reductions. In perturbation theory, the expressions (5.16, 5.17) can then be evaluated order by
order in the coupling constant by applying the Feynman rules given in Appendix 8.1. While
the projector (5.13) includes unphysical transverse gluon states, which have to be compensated
adding the corresponding ghost-diagrams, (5.14) projects onto the physical states.
To calculate the color factor of each diagram, we use the program provided in Ref. [68]. Up to
this point, all operations have been performed for general values of Mellin N and the dimensional
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parameter ε. The integrals do not contain any Lorentz or color indices anymore. In order to use
MATAD, one now has to assign to N a specific value. Additionally, the unphysical momentum ∆
has to be eliminated by applying a suitable projector, which we define in the following section.
5.2 Calculation of Fixed 3–Loop Moments Using MATAD
We consider integrals of the type










njf(k1, ..., kl, p,m) . (5.18)
Here p denotes the external momentum, p2 = 0, m is the heavy quark mass, and ∆ is a light–like
vector, ∆2 = 0. The momenta qi are given by any linear combination of the loop momenta ki
and external momentum p. The exponents ni are integers or possibly sums of integers, see the
Feynman rules in Appendix 8.1. Their sum is given by
j∑
i=1
ni = N . (5.19)
The function f in Eq. (5.18) contains propagators, of which at least one is massive, dot-products
of its arguments and powers of m. If one sets N = 0, (5.18) becomes








f(k1, ..., kl, m) . (5.20)
From p2 = 0 it follows, that the result can not depend on p anymore. The above integral is a
massive tadpole integral and thus of the type MATAD can process. Additionally, MATAD can
calculate the integral up to a given order as a power series in p2/m2. Let us return to the general
integral given in Eq. (5.18). One notes, that for fixed moments of N , each integral of this type
splits up into one or more integrals of the same type with ni being just integers. At this point,
it is useful to recall that the auxiliary vector ∆ has only been introduced to get rid of the trace
terms of the expectation values of the composite operators and has no physical significance. By
undoing the contraction with ∆, these terms appear again. Consider as an example


















q1,µ1q1,µ2q2,µ3f(k1, ..., kl, p,m) . (5.22)
One notices that the way of distributing the indices in Eq. (5.22) is somewhat arbitrary, since due
to the contraction with the totally symmetric tensor ∆µ1∆µ2∆µ3 , the result of the corresponding
tensor integral can be taken to be fully symmetric as well. This is achieved by distributing the
indices among the qi in all possible ways and dividing by the number of permutations one has
used. Thus Eq. (5.22) becomes












+q1,µ1q1,µ2q2,µ3)f(k1, ..., kl, p,m) . (5.23)
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can be achieved by shuﬄing indices, [69–74], and dividing by the number of terms. The shuﬄe
product is given by
C

(k1, . . . , k1)︸ ︷︷ ︸
n1
⊔⊔ (k2, . . . , k2)︸ ︷︷ ︸
n2








n1, . . . , nI
)−1
. (5.26)
As an example, the symmetrization of
q1,µ1q1,µ2q2,µ3 (5.27)
can be inferred from Eq. (5.23). After undoing the contraction with ∆ in integral (5.18) and
shuﬄing the indices, one may make the following Ansatz for the result, which follows from the













In the above equation, [ ] denotes the Gauss–bracket and {} symmetrization with respect to the
indices enclosed and dividing by the number of terms, as outlined above. The first few terms
are then given by
R0 ≡ 1 , (5.29)
R{µ1} = A1pµ1 , (5.30)
R{µ1µ2} = A1pµ1pµ2 + A2gµ1µ2 , (5.31)
R{µ1µ2µ3} = A1pµ1pµ2pµ3 + A2g{µ1µ2pµ3} . (5.32)
The scalars Aj have in general different mass dimensions. By contracting again with ∆, all trace
terms vanish and one obtains




and thus the coefficient A1 in Eq. (5.28) gives the desired result. To obtain it, one constructs a
different projector, which is made up only of the external momentum p and the metric tensor.
By making a general Ansatz for this projector, applying it to Eq. (5.28) and demanding that the
result shall be equal to A1, the coefficients of the different Lorentz structures can be determined.
The projector reads















For the overall pre-factors F (N) and the coefficients C(i, N), one has to distinguish between
even and odd values of N ,
Codd(k,N) = (−1)N/2+k+1/2
22k−N/2−3/2Γ(N + 1)Γ(D/2 +N/2 + k − 3/2)




(D − 1)Γ(N/2 +D/2− 1)
, (5.37)
Ceven(k,N) = (−1)N/2+k+1
22k−N/2−2Γ(N + 1)Γ(D/2 +N/2− 2 + k)




(D − 1)Γ(N/2 +D/2− 1/2)
. (5.39)
The projector obeys the normalization condition
Πµ1,...,µNR
µ1,...,µN = A1 , (5.40)
which implies
Πµ1...µNp
µ1 ...pµN = 1 . (5.41)
(5.42)













Applying this term to (5.23) yields











−p2q21p.q2 + (D + 2)(q1.p)
2q2.p)f(k1, ..., kl, p,m) . (5.44)
It is important to keep p artificially off–shell until the end of the calculation. By construction,
the overall result will not contain any term ∝ 1/p2, since the integral one starts with cannot
contain such a term. Thus, at the end, these terms have to cancel, one can set p2 = 0 and the
remaining constant term in p2 is the desired result.
The above projectors are similar to the harmonic projectors used in the MINCER–program,
cf. [65,75]. These are, however, applied to the virtual forward Compton–amplitude to determine
the anomalous dimensions and the moments of the massless Wilson coefficients up to 3–loop
order.
The calculation was in general performed in Feynman gauge. For the external quark and
gluon lines, the projectors (5.15, 5.13) are applied, which requires to include the ghost terms
into the calculation. We also performed part of the calculation keeping the gauge parameter in
Rξ–gauges, in particular for the moments N = 2, 4 in the singlet case and N = 1, 2, 3, 4 in the
non–singlet case, yielding agreement with the results being obtained using Feynman–gauge. In
addition, for the moments N = 2, 4 in the terms with external gluons, we applied the physical
projector in Eq. (5.14), which serves as another verification of our results. The computation of
the more complicated diagrams was performed on various 32/64 Gb machines using FORM and
for part of the calculation TFORM, [76], spending about 250 days of computational time.
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5.3 Results
We calculated the unrenormalized operator matrix elements treating the 1PI-contributions ex-



























































































































The self-energies are given in Eqs. (4.5, 4.6, 4.7, 4.9). The calculation of the one-particle ir-
reducible 3–loop contributions is performed using MATAD. 10 The amount of moments, which
could be calculated, depended on the available computer resources w.r.t. memory and compu-
tational time, as well as possible parallelization using TFORM. Increasing the Mellin moment
by two demands both a factor of 6–8 larger memory and CPU time. We have calculated the















gq,Q up to N = 14.
(i) Anomalous Dimensions :
The pole terms of the unrenormalized OMEs emerging in the calculation agree with the general
structure we presented in Eqs. (4.15, 4.24, 4.25, 4.37, 4.38, 4.45, 4.55). Using lower order
renormalization coefficients and the constant terms of the 2–loop results, [29,33,35,86], allows to
determine the fixed moments of the 2–loop anomalous dimensions and the contributions ∝ TF
of the 3–loop anomalous dimensions, cf. Appendix 8.2. All our results agree with the results of




qq are obtained completely.
The present calculation is fully independent both in the algorithms and codes compared to
Refs. [18, 19, 23, 24, 80] and thus provides a stringent check on these results.
(ii) The constant terms a
(3)
ij (N):
The constant terms in Eq. (3.3) at O(a3s), (4.15, 4.24, 4.25, 4.37, 4.38, 4.45, 4.55), are the new
contributions to the non–logarithmic part of the 3–loop massive operator matrix elements, which
can not be constructed by other renormalization constants calculated previously. They are given
in Appendix 8.3. All other contributions to the heavy flavor Wilson coefficients in the region
Q2 ≫ m2 are known for general values of N , cf. Sections 2, 4. The functions a
(3)
ij (N) still contain
coefficients ∝ ζ2 and we will see below, under which circumstances these terms will contribute
to the heavy flavor contributions to the deep–inelastic structure functions. The constant B4,
10Partial results of the calculation were presented in [77, 78].
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(4.10), emerges as in other massive single–scale calculations [81].
(iii) Moments of the Constant Terms of the 3–loop Massive OMEs
The logarithmic terms of the renormalized 3–loop massive OMEs are determined by known
renormalization constants and can be inferred from Eqs. (4.17, 4.26, 4.27, 4.39, 4.40, 4.47,
4.58). In the following, we consider as examples the non–logarithmic contributions to the second
moments of the renormalized massive OMEs. We refer to coupling constant renormalization in
the MS–scheme and compare the results performing the mass renormalization in the on–shell
scheme (m) and the MS–scheme (m).
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Comparing the operator matrix elements in case of the on–shell scheme and MS–scheme,
one notices that the terms ln(2)ζ2, ζ2 are absent in the latter. The ζ2 terms, which contribute
to a
(3)
ij (N), are canceled by other contributions through renormalization. Although the present
process is massive, this observation resembles the known result that ζ2–terms do not contribute
in space–like massless higher order calculations in even dimensions, [82]. This behaviour is
found for all calculated moments. In addition, ζ4-terms occur, which may partly cancel with
those in the 3–loop light Wilson coefficients, [26]. Note, that Eq. (5.50) is not sensitive to mass
renormalization due to the structure of the contributing diagrams.
An additional check is provided by the sum rule, [31],
A
(3)
Qg(N = 2) + A
(3)
qg,Q(N = 2) + A
(3)
gg,Q(N = 2) = 0 , (5.54)
which is fulfilled in all renormalization schemes and as well as on the unrenormalized level.
Unlike the operator matrix element with external gluons, the second moments of the
quarkonic OMEs emerge for the first time at O(a2s). To 3–loop order, the quarkonic OMEs
do not contain terms ∝ ζ2. Due to their simpler structure, mass renormalization in the on–shell–
scheme does not give rise to terms ∝ ζ2, ln(2)ζ(2). Only the rational contribution in the color
factor ∝ TFC
2
F turns out to be different and A
PS,(3)
qq,Q , (5.56), is not affected at all. This holds









































































































































































































































































































































Finally, the sum rule, [31],
A
(3),PS
Qq (N = 2) + A
(3),PS
qq,Q (N = 2) + A
(3),NS
qq,Q (N = 2) + A
(3)
gq,Q(N = 2) = 0 (5.61)
holds on the unrenormalized level, as well as for the renormalized expressions in all schemes
considered.
FORM–codes for the constant terms a
(3)
ij (N), Appendix 8.3, and the corresponding moments
of the renormalized massive operator matrix elements, both for the mass renormalization carried
out in the on–shell– and MS–scheme, are attached to this paper and can be obtained upon
request. Phenomenological studies of the 3–loop heavy flavor Wilson coefficients in the region
Q2 ≫ m2 will be given elsewhere [83].
6 Heavy Quark Parton Densities
In the kinematic region in which the factorization relation (2.5) holds, one may redefine the
results obtained in the fixed flavor number scheme, which allows for a partonic description at
the level of (nf + 1) flavors. As before, we consider nf massless and one heavy quark flavor.
Since parton distributions are process independent quantities, we define the parton distributions
for (nf + 1) flavors from the light–flavor parton distribution functions and the massive opera-
tor matrix elements for nf light flavors. Also in case of the structure functions associated to
transverse virtual gauge boson polarizations, like F2(x,Q
2), the factorization (2.5) only occurs
far above threshold, Q2 ∼ 4m2x/(1− x), and at even larger scales for FL(x,Q
2). The following
set of parton densities is obtained, cf. [31] :
fk(nf + 1, µ
2, m2, N) + fk(nf + 1, µ
































fQ(nf + 1, µ
2, m2, N) + fQ(nf + 1, µ

















2, N) . (6.2)
Here, fk(fk¯) denote the light quark and anti–quark densities, fQ(fQ¯) the heavy quark densities,
and G is the gluon density. The flavor singlet, non–singlet and gluon densities for (nf+1) flavors
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are given by
Σ(nf + 1, µ














































∆(nf + 1, µ
2, m2, N) = fk(nf + 1, µ





Σ(nf + 1, µ
2, m2, N) (6.4)
G(nf + 1, µ

















2, N) . (6.5)
Note, that the new parton densities depend on the renormalized heavy quark mass m2. As
outlined above, the corresponding relations for the operator matrix elements depend on the
mass–renormalization scheme. Furthermore, m = m(as(µ
2)). This has to be taken into account
in QCD-analyzes, in particular m2 cannot be chosen constant.
The normalization of the quarkonic and gluonic operators obtained in the light–cone expan-
sion can be chosen arbitrarily. It is, however, convenient to select the relative factor such, that
the non-perturbative nucleon-state expectation values, Σ(nf , µ
2, N) and G(nf , µ
2, N), obey
Σ(nf , µ
2, N = 2) +G(nf , µ
2, N = 2) = 1 (6.6)
due to 4-momentum conservation. As a consequence, the OMEs fulfill the relations (5.54, 5.61).
The parton densities (6.1–6.5) can be applied in other hard–scattering reactions at high energy
colliders in kinematic regions where the corresponding power corrections ∝ (m2/Q2)k, k ≥ 1
can also be safely disregarded.
Conversely, one may extend the kinematic regime for deep-inelastic scattering to define the
distribution functions (6.1–6.5) upon knowing the power corrections which occur in the heavy
flavor Wilson coefficients Hji (x,Q






























2/µ2, m2/µ2) denotes the part of the Wilson coefficient given in Eq. (2.5). If
one accounts for Hj,poweri (x,Q
2/µ2, m2/µ2) in the fixed flavor number scheme, Eqs. (6.1–6.5) are
still valid, but they do not necessarily yield the dominant contributions. In the region closer to
threshold, the kinematics of heavy quarks is by far not collinear, which is the main reason that
a partonic description has to fail. Moreover, relation Eq. (1.4) may be violated. In any case,
it is not possible to use the partonic description (6.1–6.5) alone for other hard processes in a
kinematic domain with significant power corrections.
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7 Conclusions
We calculated the 3–loop massive operator matrix elements, which form the heavy flavor Wil-
son coefficients, (2.11–2.15), together with the known massless Wilson coefficients in the region
Q2 ≫ m2 due to the factorization theorem (2.5). All but the power–suppressed contributions are
obtained in this way. Furthermore, all operator matrix elements needed to derive massive quark–
distributions at the 3–loop level were calculated. We presented in detail the renormalization of
the massive operator matrix elements, leading to an intermediary representation in a defined
MOM–scheme. This is necessary to maintain the partonic description required for the factoriza-
tion of the heavy flavor Wilson coefficients into OMEs and the light flavor Wilson coefficients.
The representation of the heavy flavor Wilson coefficients in the asymptotic region, effectively
reached for the structure function F2(x,Q
2) for Q2/m2 ≃ 10, is available for general values of
N in analytic form, up to the constant parts a
(3)
ij (N) of the unrenormalized 3–loop OMEs. A
number of fixed values of Mellin moments N for these constant parts were calculated, reaching
up to N = 10, 12, 14, depending on the complexity of the corresponding operator matrix element.
Although general methods are available to reconstruct the recurrence formulae for anomalous
dimensions and Wilson-coefficients as a function of N by a finite number of moments, [84], the
number of moments calculated for a
(3)
ij (N) is still far too low. Through the renormalization of
the massive OMEs, the corresponding moments of the complete 2-loop anomalous dimensions
and the TF–terms of the 3–loop anomalous dimensions are obtained, as are the moments of the
complete anomalous dimensions γ
(2),PS
qq (N) and γ
(2)
qg (N), which agree with the literature.
The results were presented performing the coupling constant renormalization of the OMEs
in the MS–scheme and the mass renormalization in the on–shell scheme. After a transformation
to the MS–mass, the ζ2–terms are canceled completely. Although being a massive calculation,
which is indicated by the emergence of the number B4, the use of the MS–scheme moves the
structure of the result towards those observed in massless 3–loop calculations.
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For the Feynman rules of QCD, we follow the convention of Ref. [55]. D–dimensional momenta
are denoted by pi and Lorentz indices by Greek letters. Color indices are denoted by a, b, ..., and
i, j are indices of the color matrices. Solid lines represent fermions and curly lines gluons. The
Feynman rules for the quarkonic composite operators are given in Figure 8. Up to O(g2) they
p, jp, i
δij/∆γ±(∆ · p)






j=0 (∆ · p1)
j(∆ · p2)
N−j−2 , N ≥ 2
p2, jp1, i














































γ+ = 1 , γ− = γ5 .
Figure 8: Feynman rules for quarkonic composite operators. ∆ denotes a light-like 4-vector, ∆2 = 0;
N is an integer.
can be found in Refs. [10] and [85]. Note that the O(g) term in the former reference contains a
typographical error. We have checked these terms and agree up to normalization factors, which
may be partly due to a different convention in the standard Feynman rules. We newly derived
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the rule with three external gluons. The terms γ± refer to the unpolarized (+) and polarized
(−) calculation, respectively. Gluon momenta are taken to be incoming. The Feynman rules
for the unpolarized gluonic composite operators are given in Figure 9. Up to O(g2), they can
be found in Refs. [11] and [16]. We have checked these terms and agree up to O(g0). At O(g),
we agree with [11], but not with [16] and [55]. At O(g2), we do not agree with either of these
results, which even differ from each other 11.




2 − (∆µpν +∆νpµ)∆ · p+ p
2∆µ∆ν
]

















































fabef cdeOµνλσ(p1, p2, p3, p4)
+facef bdeOµλνσ(p1, p3, p2, p4) + f
adef bceOµσνλ(p1, p4, p2, p3)
)
,
Oµνλσ(p1, p2, p3, p4) = ∆ν∆λ
{
−gµσ(∆ · p3 +∆ · p4)
N−2
+[p4,µ∆σ −∆ · p4gµσ]
∑N−3
i=0 (∆ · p3 +∆ · p4)
i(∆ · p4)
N−3−i
−[p1,σ∆µ −∆ · p1gµσ]
∑N−3
i=0 (−∆ · p1)
i(∆ · p3 +∆ · p4)
N−3−i

























, N ≥ 2
Figure 9: Feynman rules for gluonic composite operators. ∆ denotes a light-like 4-vector, ∆2 = 0;
N is an integer.
11We would like to thank J. Smith for the possibility to compare with their FORM–code used in Refs. [29, 56,
86, 87], to which we agree.
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8.2 The 3–loop Anomalous Dimensions
The 3–loop anomalous dimensions γPSqq (N) and γqg(N) and the contributions ∝ TF to
γ+,NSqq (N), γgq(N) and γgg(N) are obtained from the single pole terms in the present calcula-
tion for even values of N and for γ−,NSqq (N) for odd values of N . In the latter case, also γ
s,NS
qq (N)
with γv,NSqq (N) = γ
−,NS
qq (N) + γ
s,NS
qq (N) can be obtained, which will be considered elsewhere [83].




γˆ(2),PSqq (2) = TFCF
[


















γˆ(2),PSqq (4) = TFCF
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γˆ(2),PSqq (6) = TFCF
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γˆ(2),PSqq (8) = TFCF
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γˆ(2),PSqq (10) = TFCF
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γˆ(2),PSqq (12) = TFCF
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γˆ(2)qg (2) = TF
[






























γˆ(2)qg (4) = TF
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γˆ(2)qg (6) = TF
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γˆ(2)qg (8) = TF
[

































γˆ(2)qg (10) = TF
[

























































γˆ(2)gq (4) = TFCF
[



















γˆ(2)gq (6) = TFCF
[



















γˆ(2)gq (8) = TFCF
[



















γˆ(2)gq (10) = TFCF
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γˆ(2)gq (12) = TFCF
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γˆ(2)gq (14) = TFCF
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γˆ(2),NS,+qq (2) = TFCF
[

















γˆ(2),NS,+qq (4) = TFCF
[



















γˆ(2),NS,+qq (6) = TFCF
[




















γˆ(2),NS,+qq (8) = TFCF
[



















γˆ(2),NS,+qq (10) = TFCF
[



















γˆ(2),NS,+qq (12) = TFCF
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γˆ(2),NS,+qq (14) = TFCF
[






















γˆ(2),NS,−qq (1) = 0 (8.30)
γˆ(2),NS,−qq (3) = TFCF
[


















γˆ(2),NS,−qq (5) = TFCF
[



















γˆ(2),NS,−qq (7) = TFCF
[



















γˆ(2),NS,−qq (9) = TFCF
[






























































We agree with the anomalous dimensions given in [18, 19, 22–24].
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8.3 The O(ε0) contributions to ˆˆA
(3)
ij (N)































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































qq,Q (1) = 0 (8.72)
a
(3),NS
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